


What is Ergodicity?

� Ergodic: A system’s statistical properties can be 
deduced from a single, sufficiently long, random 
sample of  the process
� Monte Carlo, statistics/econometrics

� Ergodic (“dynamics”): The time average of  a system is 
equal to the phase space average
� During the course of  a long simulation, the system 

explores all of  it’s accessible states with the correct 
statistical probabilities



Outline
� Path Integral Methods (Molecular Dynamics)

� Finite Temperature PIMD
� Zero Temperature LePIGS

� LePIGS vs Low Temperature PIMD
� H2-H2O

� “Quantifying Ergodicity”
� LePIGS on pure hydrogen clusters (and isotopologues)
� What can we infer from a system lacking ergodicity?

� Discrepancy stemming from lack of  ergodicity
� Chemical Potential of  hydrogen clusters

� Possible solution to more effective sampling
� WORM Algorithm



Path Integral Formulation
Finite Temperature

� Partition function Z

� In canonical ensemble

� Particles represented by quantum beads (P)                
connected by harmonic springs

4Feynman, R. P., 1953, Phys. Rev. 90, 1116



Path Integral Ground State 
Zero Temperature Limit

� Ground state partition function

� is a ‘guess’ of  the exact ground state wavefunction

� relaxes         to the ground state

� In position representation:
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S. Constable, M. Schmidt, C. Ing, T. Zeng, and P.-N. Roy, J. Phys. Chem. A 117, 7461 (2013)



Path Integral Ground State 
Zero Temperature Limit
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Path Integral Methods

� Monte Carlo (PIMC)1

� Randomly sample path configuration

� Maintain the canonical ensemble detailed balance

� Molecular Dynamics (PIMD)2

� Path configurations determined by equations of  motion

� More general – no need to design MC moves
� Only a few simulation parameters required!

� Can approximate real-time dynamics

� Similar efficiency3

� Our code: Cartesian co-ordinates only
Fig: http://www.coinsandcanada.com/news-archives.php?month=12&year=2009
1  D. M. Ceperley, Rev. Mod. Phys. 67, 279 (1995)
2  M. Parrinello and A. Rahman, J. Chem. Phys. 80, 860 (1984)
3 C. Ing, K. Hinsen, J. Yang, T. Zeng, H. Li, and P.-N. Roy, J. Chem. Phys. 136, 224309 (2012).
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Quantum Methods to obtain 
Ground State Properties

Monte Carlo Molecular Dynamics

Low Temperature
Path Integrals (PIMC)

Low Temperature
Path Integrals (PIMD)

Path Integral Ground 
State (PIGS-MC)

Langevin equation Path Integral 
Ground State (LePIGS)

Diffusion Monte Carlo
(DMC)1
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1 J. B. Anderson, J. Chem. Phys. 63, 1499–1503 (1975)
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Quantum Methods to obtain 
Ground State Properties

Monte Carlo Molecular Dynamics

Low Temperature
Path Integrals (PIMC)

Low Temperature
Path Integrals (PIMD)

Path Integral Ground 
State (PIGS-MC)
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PIMD: (Fixed H2O)-pH2
T = 0.37K



LePIGS:
(Fixed H2O)-pH2

Exact
Unconverged
Simulation

Converged
Simulation



Closed Path

Open Path



Pure Hydrogen Clusters

� Numerous groups have looked at pure pH2 and oD2

clusters1-3

� For us: Benchmark for LePIGS
� Energetic and structural properties

� The effect of  trial wavefunctions

� Investigated the ergodicity of  these systems
� Solid-like or liquid-like behaviour

� Attempts to quantify ergodicity?

1 J. E. Cuervo and P.-N. Roy
2 Guardiola and Navarro
3 Mezzacapo and Boninsegni



Lindemann Criterion

Limit of  long simulation, δL =δL
G

Deviation between δL and δL
G – enhanced rigidity

Our Work4
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1  F. Lindemann, Physik. Z. 11, 609 (1910)
2 J. E. Cuervo and P.-N. Roy, J. Chem. Phys. 128, 224509 (2008)
3 R. Guardiola and J. Navarro, J. Phys. Chem. A 115, 6843 (2011)
4   M. Schmidt et al, J. Chem. Phys, 140, 234101 (2014)
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(pH2)N

(oD2)N

J. E. Cuervo and P.-N. Roy 
J. Chem. Phys. 128, 224509 (2008)



(pH2)N Schmidt et al, JCP 140, 234101 (2014)



(oD2)N Schmidt et al, JCP 140, 234101 (2014)



Lindemann – (pT2)N
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� Unity:  
� Contains no information about system

� Ensures overlap with the ground state wavefunction

� Jastrow:

� Liquid-like trial wavefunction

� ‘b’ represents hard-core repulsion between pair distance (rij)

� Normal Mode:  

� Solid-like trial wavefunction (harmonic)

� ωk – vibrational frequencies, Qk – normal modes

Trial Wavefunctions
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Energy convergence with
for “Stable” System

Normal Modes Wavefunction
Jastrow Wavefunction

(pH2)13

(oD2)13

(pT2)13
Schmidt et al, JCP 140, 234101 (2014)

Fig: Cambridge Cluster Database



Energy convergence with
for “Floppy” System

Normal Modes Wavefunction
Jastrow Wavefunction

(pH2)8

(oD2)8

(pT2)8
Schmidt et al, JCP 140, 234101 (2014)

Fig: Cambridge Cluster Database
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Distribution of  interparticle distance

Density Profile:
Distribution of  particles to center of  mass

Different Conformers of  (pT2)33

33A – Mackay
33B – AntiMackay

Schmidt et al, JCP 140, 234101 (2014)



Schmidt et al, JCP 140, 234101 (2014)



So Far…

� Ergodicity issues arise from:
� Method – Low Temperature PIMD/PIMC vs PIGS

� Trial wavefunctions can introduce additional ergodicity
problems

� Solid-like behaviour of  the system

� Effect of  ergodicity problems?
� Wrong energies!

� This could lead to the wrong chemical potential



Ground State Chemical Potential 
(pH2)N
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� Subject of  much research: conflicting results between N=20-40

� Some methods show subtle oscillations
� PIMC1 :     T = 0.25 K

� DMC2 :      Ground state method

� Some methods show large oscillations
� PIMC3 :           T ≥ 0.50 K

� PIGS-MC4 :     Ground state method

� Consequences
� “Super-solid” (superfluid with solid order)

� Quantum melting 1F. Mezzacapo and M. Boninsegni,  J. Phys.: Condens. Matter 21 164205 (2009)
2R. Guardiola and J. Navarro, Cent. Eur. J. Phys 6 33 (2008)
3S.A Khairallah, M.B. Sevryuk, D.M. Ceperley, J.P. Toennies, PRL 98 183401 (2007)
4J. E. Cuervo and P.-N. Roy, J. Chem. Phys. 128 224509 (2008)
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T = 0.25 K
T = 1.00 K
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Fig: F. Mezzacapo and M. Boninsegni, 
J. Phys.: Condens. Matt. 21 (2009), 164205
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2R. Guardiola and J. Navarro, 
Cent. Eur. J. Phys 6 33 (2008)
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1J.E. Cuervo and P.-N. Roy,
J. Chem. Phys 128, 224509 (2008)



Consensus?
� LePIGS gives similar results to PIGS-MC

� PIGS disagrees with DMC
� Both ground state methods

� DMC – population size bias

� PIGS – ergodicity problem?

� Look to finite temperature
� Changes between 0.50K and 0.25K

� Quantum melting?

� Next steps:
� Formulate grand canonical PIGS (with WORM algorithm)1

� Allows for calculation of       as a function of  N
30
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1C. Herdman, A. Rommal, and A. Del Maestro, Phys Rev B 89 224502 (2014)



1C. Herdman, A. Rommal, and A. Del Maestro, Phys Rev B 89 224502 (2014)

Grand Canonical (μVT) Ensemble



Implementing WORM 
in MMTK

� WORM algorithm1 allows sampling of  nuclear exchange

� Will be first to implement in molecular dynamics framework

� Operations include:
� OPEN/CLOSE – switching between Z- and G-sectors
� ADVANCE/RECEDE– changing path length
� SWAP – permutation sampling

� Currently implemented canonically
� Without INSERT/REMOVE
� We use an infinite universe, no volume

� Systems can be compared vs PIMC (ex. MoRiBS2)

32
1 M. Boninsegni, N.V. Prokof ’ev, and B.V. Svistunov, Phys. Rev. E 74, 036701 (2006)
2 T. Zeng, N. Blinov, K. Bishop, G. Guillon, H. Li, and P.-N. Roy, Comp. Phys. Comm, 204, 170 (2016)



Progress:

• Utilizes Dmitri’s MMTK 
modifications allowing dynamic 
changing of  path configurations and 
potential scaling

• “Dummy beads” (set of  non-
interacting beads) allow for 
advance/recede moves

• The “Area Estimator” analysis script 
has been coded to calculate the 
superfluid fraction

• Currently testing on hydrogen cluster

33



PIMD : (pH2)5 at T=0.5K

MoRiBS: (pH2)5 at T=0.5K



Radial distribution of  density 
and superfluid density of  (pH2)18

Density = g(r)

Superfluid density computed from: 

Mezzacapo F and Boninsegni M,
Phys.Rev.Lett, 100, 145301 (2008)

T = 3K

T = 2K

T = 1K



To Do List

� Continue to test the WORM algorithm
� Currently small clusters of  hydrogen

� Implement Grand Canonical scheme 
� Will further help with ergodicity

� For PIMD and LePIGS

� Recalculate hydrogen chemical potential
� See if  peaks diminish
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