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Atomic orbital integrals required for electronic structure calculations do not scale linearly
w.r.t system size. 1.00

V)
—V,
0.751 -
* The slow decay is
e == Vo (r) + V()
detrimental for large systems ) 5
0.251
* Nuclear nuclear potential
1 ZaZp 0.003 5 1 6 g 10 12 14
Zaib |IRp—Rg| ro — 1]
* Nuclear electron integrals Zzb [ a3r Ga(r)pp(r) ——— 7 = Rb|
* Two electron AO vee = (aB lys) = [ d3r ¢a(r1)¢ﬁ(r1) ¢y(Tz)¢5(7”z)

integrals |, — 1|




Range Separation

1 o 0.24
* Range separate the - potential
1
—= Ve (r) + Vi (1) _
r 0.16 -
f _
Vo (r) = er c:ar) + Xpe yr2
0.08 -
f _
Vlr(r) _er iar) . Xoe yr2
0.003 2 4 6 8 10 12 14

o? rg — 11|
Xo =7 Sets V-(r = 0) to zero
Flattest V},- nearr =0

e Short-range treated in real space
* Long-range treated in reciprocal space



* Use density fitting
Vir® = (aB |yd )

— Z(aﬁ |X)Sr(X|Y)ST_1(Y|V5 )sr
Y

X,Y are auxiliary fitting functions

Treated with Cholesky decomposition
KI)g t = L7V
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EShort-Range Integrals

(aﬁ ‘ X) a, [ cannot be too far apart, AO integrals are local.
ST X cannot be too far from «a, 8, short-range.
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Short-range integrals
scale linearly with
system size
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Long-Range Integrals

* Treated in Fourier space, numerical integration over g

Vl?‘(rlw T'Z) — fdgg T](g) eig'r1e—ig-7‘2

T 1

n(g) = 27 g7

1

__292

e 4a

T ()

. g2 singularity: Use spherical coordinates

* Large g - r, even for small g:

d*g = grdg, sin(¢) dpdé
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NG

=
Gauge cells

* lLarge g - r, even for small g:

Vlr(rl»rz) — fd3g 77(9) eldT1p—lg T2

* Introduce a grid of gauge points

(el9 71 —el9'Q1)4 190

Q,
° . ® o | o
1
* ris never very far from g
o ® [ J () o
° ° ° o |Le rn=0;+x

® ® o [ ® Rapid Slow




Regularized long-range potential

Vir(r1,12) = | d®gn(g) (e'971 — e'9°%)(e7 1972~ 719 °C2)
+J d*gn(g) (e — e'901) g0

+] d*gn(g) (e7972 —e71902) !9
+[ d*gn(g) e 19 %2eld %

Vir (11, 12) = Vigpp (ry, 1) + Vi (12, Q1) + Vi (1, Q2) — Vi (Q1, Q)

e The Regularized long-range contribution is evaluated numerically and is small

* The additional terms are evaluated analytically and are the larger contributions



5 Two electron long-range integrals
VEe(r, ) = [ d3gn(g) Mug(9)M,s(—g)
+ X5 (Qi)Sy5(Qi) + Sap(Qi)Xys(Q;)
—Sap @DV (1Q; — Q51 Sy5(Q))

Maﬁ(g) = (aBlg) — Sa',Beig'Q : , . .
_ * Compact 3 index integrals (analytical Fourier
(aBlg) = J d37"1¢a(7"1)¢ﬁ(7"1)€lg'rl transforms) with a fixed g point grid,
independent of system size

Xqp(Q) = Longrange nuclear electron attraction
integrals with a charge centred at Q

= fd37”1¢a(7"1)¢ﬁ(7”1) ifa, B € Q; * Overlap integrals associated
with gauge centre Q

Saﬁ (Q)

=0 : otherwise



Density Fit
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gTwo electron long-range integrals
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(aBlX) = (BalX)

Maﬂ (g)

= Mﬁa(g)

= M*a,@ (—9)
Same shape/sym as
short-range integrals

Xqp(Q) is the only
non-linear scaling
guantity.



Results: C,qHs,

Analytical Numerical
AT
% Contribution Value (Eh) % Contribution Value (Eh) | Error (Eh)
NN 100.00 874.33 -4.12
Ne 100.00 -1761.52 8.29
Fourier J 100.00 887.13 -4.16
K 100.00 -0.30 0.00
Total 0.016
NN 99.87 869.09 0.13 1.12 0.001
Ne 99.84 -1750.50 0.16 -2.76 0.03
Multiple Gauge J 99.83 881.47 0.17 1.51 -0.02
K 77.06 -0.43 22.94 0.13 0.003
Total 0.019

Total short-range contribution: NN 51.92%, Ne 71.33%,
Direct Coulomb 61.89%, Exchange 99.81%



1 2 1 5
41T —7 g2 Xo9r 32 97

9r) = 593 ° T a3z €
d*g = grdg, sin(¢) dpdo

0.6- Flpotential o Radial grids: Legendre,
e  Grid points .
Chebyshev or Hermite
0.3 _
e Angular grids: Lebedev
0.0
Fixed grid (polynomial degree)
independent of molecular size
—0.31
0 1 2 3

gr



Log Error

Numerical Integration

Two waters far apart (250A)
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ELR Fock Matrix Construction

]MV = Zg Muv(g) Dot Mar(g) Ds + Analytical

Kuv — Z M,ur(g) DO’TMO'V(_g) + z SMT(Qi)DUT Xov(Qi) + Z X/,LT(QL') Sov(Qi) Dot

g,0T

= 5r(@)Dyr S5u(Q0) Vi (10: = Q1)

Contract over the sparse terms first
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* Bare Fourier, has large
errors on individual
terms
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